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Details on the multipole Fit procedure |

Two step method:

1. Fit the angular distributions of observables, parametrized by
2maxt+Batva

Qr(W.0) = % (a)y (W) PP (cosb)
k=PBa
= Angular fit parameters (a}*)}’
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Details on the multipole Fit procedure |

Two step method:

1. Fit the angular distributions of observables, parametrized by

2maxtBatVa
Qr(W.0) = % (a)y (W) PP (cosb)
k=PBa
= Angular fit parameters (a}*)}’

2. Minimize the functional (" multi-indices” (i, /) = ({a, k},{a/, kK'})):
W =30 [ (@), = (Mol () 1M |5 [ (@), = (Ml (o) 1M |,
using the MATHEMATICA method
FindMinimum [ x? (M;), {{Re [Eo+], (x1)o} - - -, {Im[Me,.. -], (¥n)o}} |

and varying the real and imaginary parts of the (possibly phase
constrained) multipoles in the fit.

Cjj is the covariance matrix stemming from the fit results of step 1.
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Details on the multipole fit procedure |l

Ansatz: Use the total cross section o (W). Example: ¢ <l = 1,
phase constraint Im [Eo+] =04& Re [EOJF} > 0:

o(W) ~ 4r4 (Re [EH] ® L 6Re [EH] * £ 6mm [EH] ® L 2Re [MH] ’
+2TIm [/\"//H}2 +Re [/\771,]2 +1Im [/\"41,]2)
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Details on the multipole fit procedure |l

Ansatz: Use the total cross section o (W). Example: ¢ <l = 1,
phase constraint Im [Eo+] =04& Re [EOJF} > 0:

o(W) ~ 4r4 (Re [EH] +6Re [EH] +6Im [EH] +2Re [MH] ’

+2Im [MH] +Re [ i1 ,] +Im [Ml,r)

@ o (W) constrains the intervals of the multipoles:
Re By ] € [o, goggp] I [ty ] € [_,Tag:vmrw}

@ The total cross section, being quadratic form in the multipoles, also
defines an ellipsoid in the multipole space.
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Generation of start values for FindMinimum

1. The total cross section o( W)
constrains the (8/;yax — 1)-dimensional
multipole space M.

Re[Eo+]

My \ Re[Eoy]
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Generation of start values for FindMinimum

1. The total cross section o( W)
constrains the (8/;yax — 1)-dimensional
multipole space M.

2. o(W) defines an (8/1,ax — 2)-
dimensional ellipsoid in M,.

3. Solutions to the TPWA problem lie on
the ellipsoid defined by o(W).

4. The start values for the
FindMinimum-Fit are chosen
randomly on the o(W)-ellipsoid.

Re[Eo+]

= Monte Carlo sampling of the
multipole space.
M\ Re[Eot]
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Generation of start values for FindMinimum

5. An attempt was made to use the
X2 (M) for the generation of the
start values.
= Clustering of start configurations
near the minima (cf. [Sandorfi, Hoblit,
Kamano and Lee (2011)]).

Re[Eo+]

However, this approach has not yet
been usable due to interminable
calculation times (using
MATHEMATICA).

My \ Re[Eoy]

Y. Wunderlich Complete experiment in a TPWA - recent results



Generation of start values for FindMinimum

6. A FindMinimum-minimization is
performed for each of the randomly
generated start configurations.

= Nyc = # of M.C. start
configurations
= # of (possibly redundant)
solutions

Re[Eo+]

My \ Re[Eoy]
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Cut selections for solution ‘“data”

X=X,
Cut on solutions XJZ with S ~best ¢
best
Mathematical ambiguity Unique best solution
X2 X
Mz MZ

07

The x? is defined by the fitted Legendre coefficients (afit)k.
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Cut selections for solution ‘“data”

X=X,
Cut on solutions XJZ with S ~best ¢
best
Mathematical ambiguity Unique best solution
X2 GO ADNGIO® GG ®e 00 o X2 L I X X N 1 X ¥ BN NJ N J
Mz MZ

Start values have been distributed on the relevant part of the space M.
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Cut selections for solution ‘“data”

2 2
Cut on solutions XJZ with S ~best ¢
best

Mathematical ambiguity Unique best solution

Mz MZ

Minimizations of x? converge within several iterations.
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Cut selections for solution ‘“data”

X=X,
Cut on solutions XJZ with S ~best ¢
best
Mathematical ambiguity Unique best solution
X2 X
@ almem» @& L]
Mz MZ

Minimizations of x? converge within several iterations.
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Cut selections for solution ‘“data”

2 2
Cut on solutions XJ? with S ~best ¢
best

Mathematical ambiguity Unique best solution

JLWRLY

./\/lg MZ

Cut selection using ¢ — |
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Cut selections for solution ‘“data”

2_.2
Cut on solutions XJ? with XJ—X# <e
best
Mathematical ambiguity Unique best solution

X2 X2 \

/\/\ / § /\/\ /
\_ \/ \_/

./\/lg MZ

Cut selection using ¢ — 1 / Cut selection using € ~ nuI. precision
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Description of the fitted datasets

The following datasets were investigated for vp — 7%p:

[. Data taken at the MAMI facility:

- 00 266 energy points for EXAB € [218,1573] MeV
[P. Adlarson et al., arXiv:1506.08849 [hep-ex]]

Y. Wunderlich Complete experiment in a TPWA - recent results



Description of the fitted datasets

The following datasets were investigated for vp — 7%p:

[. Data taken at the MAMI facility:
- 00 266 energy points for EXAB € [218,1573] MeV
[P. Adlarson et al., arXiv:1506.08849 [hep-ex]]
[I. Data taken at the GRAAL facility:

- ¥: 31 energy points for EF4P € [551,1450] MeV
[O. Bartalini et al., Eur. Phys. J. A 26, 399 (2005)]

Y. Wunderlich Complete experiment in a TPWA - recent results



Description of the fitted datasets

The following datasets were investigated for vp — 7%p:

[. Data taken at the MAMI facility:
- 00 266 energy points for EXAB € [218,1573] MeV
[P. Adlarson et al., arXiv:1506.08849 [hep-ex]]
[I. Data taken at the GRAAL facility:
- ¥: 31 energy points for EF4P € [551,1450] MeV
[O. Bartalini et al., Eur. Phys. J. A 26, 399 (2005)]
[Il. Data from CBELSA/TAPS:
- T: 24 energy points for EXAB € [700,1900] MeV
- P: 8 (1) energy points, i.e. EF4B € [650,950] MeV
- H: 8 (!) energy points, i.e. EFAB € [650,950] MeV
for all 3 obs. cf. [J. Hartmann et al., Phys. Lett. B 748 (2015)]
- E: 33 energy points for EF4P € [600,2300] MeV
[M. Gottschall et al., Phys. Rev. Lett. 112 no. 1, 012003 (2014)]
- G: 19 energy points for EF4B € [630,1950] MeV
[A. Thiel et al., Phys. Rev. Lett. 109, 102001 (2012)]
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Description of the fitted datasets

The following datasets were investigated for vp — 7%p:

[. Data taken at the MAMI facility:
- 00 266 energy points for EXAB € [218,1573] MeV
[P. Adlarson et al., arXiv:1506.08849 [hep-ex]]
[I. Data taken at the GRAAL facility:
- ¥: 31 energy points for EFAP € [551,1450] MeV
[O. Bartalini et al., Eur. Phys. J. A 26, 399 (2005)]
[ll. Data from CBELSA/TAPS:
- T: 24 energy points for EXAB € [700,1900] MeV
- P: 8 (1) energy points, i.e. EF*B € [650,950] MeV
- H: 8 (!) energy points, i.e. EFB € [650,950] MeV
for all 3 obs. cf. [J. Hartmann et al., Phys. Lett. B 748 (2015)]
- E: 33 energy points for ELAB € [600, 2300] MeV
[M. Gottschall et al., Phys. Rev. Lett. 112 no. 1, 012003 (2014)]
- G: 19 energy points for E,%AB € [630,1950] MeV
[A. Thiel et al., Phys. Rev. Lett. 109, 102001 (2012)]

— Datasets overlap on 8 (!) energy-points EA%AB € [650,950] MeV!

Y. Wunderlich Complete experiment in a TPWA - recent results



Moment-analysis/ “LFit-method”

) Utilize the parametrization of the angular distributions of polarization
observables 2% as expansions into P;" (cos#) for fixed energy:

2€max+ﬁa+7a
QCw,e) = Y (a)f (W) Pe (cos).

k=PBa
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Moment-analysis/ “LFit-method”

) Utilize the parametrization of the angular distributions of polarization
observables 2% as expansions into P;" (cos#) for fixed energy:

2lmax+PBatYa
QCw,e) = Y (a)f (W) Pe (cos).

k:ﬁa
— Fit angular distributions with some low initial fiyax (fmax = 1 most
commonly) and see if x?/ndf is satisfactory. If not:
— Raise truncation order by 1 and do new fit until (x?/ndf) ~ 1.

— Hint for dominant partial waves by the order £y, at which this
procedure terminates.
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Moment-analysis/ “LFit-method”

) Utilize the parametrization of the angular distributions of polarization
observables 2% as expansions into P;" (cos#) for fixed energy:

2lmax+PBatYa
W0y = D (a) (W) Pe (cos).

k=PBa

— Fit angular distributions with some low initial fiyax (fmax = 1 most
commonly) and see if x?/ndf is satisfactory. If not:

— Raise truncation order by 1 and do new fit until (x?/ndf) ~ 1.

— Hint for dominant partial waves by the order £y, at which this
procedure terminates.

«) Nice: Procedure is simple, model-independent and furthermore reliably
reflects the capability of the data to give infomation on higher partial
wave contributions.
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LFits to {00, =, T, P, E, G, H}

To be published in [Y. W., F. Afzal, A. Thiel and R. Beck, (2016)]
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LFits to {00, =, T, P, E, G, H}

To be published in [Y. W., F. Afzal, A. Thiel and R. Beck, (2016)]
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Xzbest VsS. E’V for the emax = 2-fit

Y’/ndf
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Xzbest Vs. E’Y for the emax = 2-fit

10¢ ° . ]

8-. @ ‘ ‘ ._
G

)

Ei 6} o ! .
= 4-. ® ‘ ®

ot® 8

0

700 750 800 850 900
Ey[MeV]

Y. Wunderlich Complete experiment in a TPWA - recent results



The best solution for S-, P- and D-waves
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The best solution for S-, P- and D-waves
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S-, P- and D-waves in the interval (x?. + 0.5)
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S-, P- and D-waves in the interval (x?. + 0.5)

0.4 04
_ _ _ 10
,_E 0.2 L,E 02 uz 05 .
S ° S [ S ® o o
2 00 = 00 . . 2 00
= . Sl ¢ 4
m_ oo = -0.5
g -02 £ -02 e
-10
-0.4 -04
700 750 800 850 900 700 750 800 850 900 700 750 800 850 900
Ey[MeV] Ey[MeV] Ey[MeV]
1.0 - —
z F 04 g 04
i 05 = 02 qd £ 02
S o0 e ® e S o0 e S oojp=e e_o °
= o LI S a = - "
£-05 é -02 . ° : ~02 .
= 1o -04 E 04
700 750 800 850 900 700 750 800 850 900 700 750 800 850 900
Ey[MeV] Ey[MeV] Ey[MeV]
_ 06 _ 06
£ 04 E 04
S 0o e I B $_o BnGa 2014-02
402 < -02
= =
& 04 E —04
-0.6 -0.6
700 750 800 850 900 700 750 800 850 900
Ey[MeV] Ey[MeV]

Y. Wunderlich Complete experiment in a TPWA - recent results



S-, P- and D-waves in the interval (x?. + 1.0)
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S-, P- and D-waves in the interval (x?. + 1.0)
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S-, P- and D-waves in the interval (x? . + 4.0)
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S-, P- and D-waves in the interval (x? . + 4.0)
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Problems with the /.. = 2 multipole fit

There exists a unique, well-separated (in x2) solution for .y = 2,

however:

(i) x?/ndf is too large for all energy bins except the first 2-4.

(ii) Solution does not make sense compared to models (more precisely, to
BnGa 2014-02).
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Partial wave interferences in Legendre coefficients

(CL)? (éL)Z Mggemax
(a)g = [ Micq,.. | Mise,., ]
e alt A\
@il | @) || e

) In the (aL)y, partial waves with £ > 3 may interfere with those
having /.x < 3 but the LFits may only hint at this, or not show this
at all!
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Partial wave interferences in Legendre coefficients

(Cok (o). Mo<e

max

(a)g = [ Micq,.. | Mise,., ]
(éL) : M t0n

) In the (aL)y, partial waves with £ > 3 may interfere with those
having /.x < 3 but the LFits may only hint at this, or not show this
at all!

%) In case the multipole fit has all partial waves M, with ¢ > 3 set equal
to zero, it has no chance to take into account the interferences and
modify the results for S-, P-, and D-waves accordingly.
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Partial wave interferences in Legendre coefficients

(Cok (o) Mi<y

max

(a)i = [ Mictp | Misi,. |
e | | [

) In the (ar);, partial waves with £y, > 3 may interfere with those
having £,.x < 3 but the LFits may only hint at this, or not show this
at all!

) In case the multipole fit has all partial waves M, with ¢ > 3 set equal
to zero, it has no chance to take into account the interferences and
modify the results for S-, P-, and D-waves accordingly.

— One has to at least take into account F-waves into the fitting in some
way!

— Fit a truncation at fax = 3 and let the F-waves run freely in the fit.
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Xzbest VsS. E’V for the emax — 3‘ﬁt
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Xzbest VsS. E’V for the emax — 3‘ﬁt
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The best solution for S-, P-, D- and F-waves
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The best solution for S-, P-, D- and F-waves
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The best solution for S-, P-, D- and F-waves
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S-, P-, D- and F-waves in the interval (x2. + 0.05)
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S-, P-, D- and F-waves in the interval (x2. + 0.05)
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S-, P-, D- and F-waves in the interval (x2. + 0.05)
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S-, P-, D- and F-waves in the interval (X3, + 0.1)
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S-, P-, D- and F-waves in the interval (X3, + 0.1)
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S-, P-, D- and F-waves in the interval (X3, + 0.1)
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S-, P-, D- and F-waves in the interval (x3., + 0.2)
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S-, P-, D- and F-waves in the interval (x3., + 0.2)
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S-, P-, D- and F-waves in the interval (x3., + 0.2)
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Problems with the /.. = 3 multipole fit

There exists a global minimum, which is however not well separated from
the other local minima of x?!
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Problems with the /.. = 3 multipole fit

There exists a global minimum, which is however not well separated from
the other local minima of x?!

Reasons:

(i) Equation set defined by (a;™)
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Problems with the /.. = 3 multipole fit

There exists a global minimum, which is however not well separated from
the other local minima of y?!

Reasons:

a
k

(i) Equation set defined by (a}™)  is not " compatible” (= exactly
solvable).

(ii) There exist

1 (420max — 2) = 2047

candidates for accidential
ambiguities for £y, = 3!

(+p1+...£¢6)[rad]

Way out: fix F-waves to a

model. here: BnGa 2014-02. 300 400 500 600 700 800 900 1000

Ey[MeV]
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X2 Vs. E, for the fit including BnGa-F-waves

3.5 .--—.-——.-——-.—-.—.
3.0
— 2.5 o o
2 20 .
~> 1.5}e
= 1.0 ¢ o ¢
0.5
0.0

700 750 800 850 900
E,[MeV]

Y. Wunderlich Complete experiment in a TPWA - recent results



X2 Vs. E, for the fit including BnGa-F-waves
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The best solution for S-, P- and D-waves

s 06 _ 06
g = 04 l_‘E- 0.4
E T 02 s 02
ST e @ S 00 oo S 0Pt "
Y T +
{50 52
& & —0: g -0
00 -0.6 -0.6
700 750 800 850 900 700 750 800 850 900 700 750 800 850 900
Ey[MeV] Ey[MeV] Ey[MeV]
_ 10 10 _ 15
£ 0.5 £ 05 £ 10 [
s . s . \_._. E H b *
2 00 L — = 00 = 00
X X <05
5 05 = -05 s
& £ & -10
-1.0 -1.0 _15
700 750 800 850 900 700 750 800 850 900 700 750 800 850 900
Ey[MeV] Ey[MeV] Ey[MeV]
_ 15
uE. 1.0
g 0.5 _
= 0.0 hd L 4
7
s -0.5
= -1.0
-1.5
700 750 800 850 900
Ey[MeV]
Y. Wunderlich Complete experiment in a TPWA - recent results



The best solution for S-, P- and D-waves
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S-, P- and D-waves in the interval (x?. + 0.6)
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S-, P- and D-waves in the interval (x?. + 0.6)
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S-, P- and D-waves in the interval (x?. + 1.5)
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S-, P- and D-waves in the interval (x?. + 1.5)
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Bootstrapping

%) [B. Efron, The Annals Of Statistics 7 no. 1, 1 (1979)]: Estimate an unknown
distribution function of a statistic T (Xi,...,X,), by generating
bootstrap random samples x, = (x7,...,x;) from a given set of data
(x1,...,Xn) and approximating the T-distribution-fct. by Tp (xp).
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Bootstrapping

%) [B. Efron, The Annals Of Statistics 7 no. 1, 1 (1979)]: Estimate an unknown
distribution function of a statistic T (Xi,...,X,), by generating
bootstrap random samples x, = (x7,...,x;) from a given set of data
(x1,...,Xn) and approximating the T-distribution-fct. by Tp (xp).

Similar ideas were
already introduced

e creating pseudo (mock) data:

- curve predicted from assumed multipoles
- mock data point placed on curve at expected kinematic settings

- randomly pick value for each point within a Gaussian of width
equal to expected errors

‘ - og. 1.0 s
into TPWA-fitting by 3 /L
. > 0.5 g J Ha
Sandorfi in the talk %
. E 0.01
[A. Sandorfi, Trento, g - {
2 -06 :
2014]. < 0.
-1.0 T T T T y
0 30 60 80 120 160 180
Bc_m_ (deg)
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Bootstrapping

%) [B. Efron, The Annals Of Statistics 7 no. 1, 1 (1979)]: Estimate an unknown

distribution function of a statistic T (Xi, ..
bootstrap random samples xp = (X7, ...

., Xn), by generating

,x3t) from a given set of data

(x1,...,xn) and approximating the T-distribution-fct. by Tp (xp).

Similar ideas were
already introduced
into TPWA-fitting by
Sandorfi in the talk
[A. Sandorfi, Trento,
2014].

e creating pseudo (mock) data:

eg.

Asymmetry

- curve predicted from assumed multipoles
- mock data point placed on curve at expected kinematic settings

- randomly pick value for each point within a Gaussian of width
equal to expected errors

1.0

o
o
H

o

/L,

30 60 90 120 160 180
Hm' (deg)

— Ensemble of (1 + Ngys.) equivalent datasets. Do TPWA for each.
Distribute away from datapoint, not from a fit-curve!

Y. Wunderlich

Complete experiment in a TPWA - recent results



Examples for multipole bootstrap histograms
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Examples for multipole bootstrap histograms

ReE,[10mFm] ImEz,[10mFm] ReE,_[10mFm]
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Bootstrap results for the S-, P-
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Bootstrap results for the S-, P- and D-waves
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Bootstrap results for the S-, P- and D-waves - Whole plot
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Bootstrap results for the S-, P- and D-waves - Whole plot
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Summary & Outlook

%) The monte-carlo sampling fit method was applies to
{00,X, T,P,E,G,H}-data for yp — 7%p in the 2"¢ resonance region.
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Summary & Outlook

*) The monte-carlo sampling fit method was applies to
{00,%, T,P,E, G, H}-data for yp — 7%p in the 2°d resonance region.

— "LFits" suggest an {;,,x = 2-truncation to describe the data.

— lmax = 2 multipole fit: the best solution is " unique* but x? too large
(high-low partial wave interferences!)

— lmax = 3 multipole fit: a "unique” global minimum exists, however
there are many side-minima (ambiguities!)

— S-, P-wave multipoles varied, F-waves fixed to BnGa:
Monte Carlo method yields a global minimum,
well separated from other local minima.

x2/ndf and the behaviour of the solution are
reasonable.
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Summary & Outlook

*) The monte-carlo sampling fit method was applies to
{00,X, T,P,E,G,H}-data for yp — 7%p in the 2"¢ resonance region.

— "LFits" suggest an ¢, ax = 2-truncation to describe the data.

— lmax = 2 multipole fit: the best solution is " unique“ but x? too large
(high-low partial wave interferences!)

— lmax = 3 multipole fit: a "unique” global minimum exists, however
there are many side-minima (ambiguities!)

— S-, P-wave multipoles varied, F-waves fixed to BnGa:
Monte Carlo method yields a global minimum,
well separated from other local minima.

x?/ndf and the behaviour of the solution are
reasonable.

*) What to do with the obtained solution?
— L+P-fitting: already done by Alfred
— Iteration of multipole-fitting with BnGa-code applied to SE-results:
under construction.
— SE-solutions as initial conditions for Tuzla-Mainz approach: ?
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