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Exercise 1 (25 points): Legendre polynomials

and associate functions

a) (5 points)
Using the generating function of the Legendre polynomials

s ZPZ

derive the recurrence relation
204+ 1)aP,—({+1)Py1 — 1P =0.

b) (10 points)
Show that

P (cosf) = (2m — 1)!l sin™ @, m=0,1,2,...

where the functions P" are defined by the relations
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c) (10 points)
Given r; and ry two vectors having polar angles (01, ¢1) and (6s, ¢2), prove
the addition theorem of spherical harmonics

Pi(cosb) = m (01, 91) Y1 (02, $2), (4)

where 0 = /(ry,rs) is the angle between these two vectors and the spherical
harmonics are given by

20+ 1) (I — m)!
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nm<97¢>=<—1>m[ * (Hm)i] Preosf)d™,  m>0 (5)

Yim(0,¢) = (=1)"Y;,(6, ). (6)

Exercise 2 (20 points): Multipole expansion of
point charges
Consider the following arrangement of point charges in Cartesian coordinates:

two located along the y— axis at +a and —a each of charge —¢, and one charge
along the z axis at z = a of charge ¢ as shown in the Figure below.

+q

Find the approximate electric field at points far away from the origin.
Express your answer in spherical coordinates and include the two lowest
orders in the multipole expansion.



Exercise 3 (20 points): Quadrupole moment of
an ellipsoid

Determine the quadrupole moment of an uniformly charged ellipsoid with
semi-axes lengths a, b, c.

Exercise 4 (35 points): Dielectric sphere

A sphere of radius R and homogeneous dielectric material € is placed in
a uniform electric field EO.
(a) (20 points)
Find the boundary conditions of the potential ® and compute the potential
inside and outside the sphere.
(b) (15 points)
Find the electric field inside and outside the sphere and the charge density p
inside the sphere.



