Problem set 3

The decentralized economy and the permanent income hypothesis

Markus Roth

Chair for Macroeconomics
Johannes Gutenberg Universitat Mainz

December 17, 2010

JGlu
sonannes GUTENBERG 16lu
UNIVERSITAT MAiNz =

Jonmnnes GUTENBERG
UNIVERSITAT man2

Markus Roth (Advanced Macroeconomics) Problem set 3 December 17,2010 1/33



Contents

@ Problem 1 (Budget constraints)

@ Problem 2 (Consumption)

@ Problem 3 (Permanent income hypothesis)

@ Problem 4 (Optimal taxation)

Jonmnnes GUTENBERG
UNIVERSITAT man2

Markus Roth (Advanced Macroeconomics) Problem set 3 December 17,2010 2/33



Problem 1 (Budget constraints)

Contents

@ Problem 1 (Budget constraints)

J6lu

Jonmnnes GUTENBERG
UNIVERSITAT man2

Markus Roth (Advanced Macroeconomics) Problem set 3 December 17,2010 3/33



Problem 1 (Budget constraints)

Constant interest rate

In the first part of the question we discuss budget constraints
when interest rates are asumed to be constant through time.

This means that the interest rate r does not have a time subscript t.
Note that this makes the analysis easier.

Unlike the case of time varying interest rates we will not have to
use products [ ].

We start with the period budget constraint which says that we can
either consume c; or invest a; 1.

Recall that from consumption the agent gains utility whereas from
investment she/he does not.

For the consumption/investment decision the household uses
income x; and the return from selling last period’s asset (1 + r)a; .
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Problem 1 (Budget constraints)

From period to lifetime budget constraint
e The period budget constraint is given by
Cr + ar1 = (1 + V)Clt -+ Xxp. (PB)

e We rearrange this equation

at:1+r(ct—xt—|—at+1). (1)
e Forwarding this expression one period yields
ap41 = ! (Cr1 = Xpq1 +ap42)
1+7r
e We now plug this equation into (1)
ap = %ﬂ Ct— X¢ + 1 —11- , (Ct+1 — Xpp1 +ar42) | - ~~~WV§R,(,; )
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Problem 1 (Budget constraints)

[terated substitution

e Rewriting this gives

1 13\?
a =g @—x)+ <1—+r> (Ct1 = X1 +ari2) . (2)

e We can then forward (1) one more period to substitute a; .

1
1+7r

Apyn = (Ctp2 — Xpg2 +ap43) -

e Substituting this reltionship in (2) again gives

ay = L (et —x¢) + ! 2><
S TR 147

X |:Ct+l — Xty1 +

J< g
Jonnes GUTEN

UN\\/ERS\TAT @

157 (Cty2 — Xp2 + ﬂt+3):| .
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Problem 1 (Budget constraints)

[terated substitution

e This we can write as

1 1 \?
ay = (et —x) + | === (ctr1—x¢41)

1+7r 1+7r

1 \3
+<1+r> (Ct42 — X2 +ap43) -

e We could do this substitution for 4;3 one more time but we can
already see how the expression evolves when we repeat this
procedure an infinite number of times, the result is

o0 1 \st! 1\t
a; = Cips — X + hm a ;
t §)<1+r> (Crgs t4s) <1+ ) f4s+1

=0 (by assumption)
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Problem 1 (Budget constraints)

No-ponzi game condition

1 S+1
511_{{)10 (1——|—1’> Aprs41 =0

e The condition

is called no-ponzi game condition.

e Multiplying by 1 + r and rearranging yields the lifetime budget

constraint
[e) 1 S [e) 1 S
—_— =(1 — : LB1
E)<1+7’) Ci+s ( +7’)‘1t+§)<1+r> Xits ( )

e From the lifetime budget constraint we can derive the period
budget constraint again.
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Problem 1 (Budget constraints)

The lifetime budget constraint

e Now consider the lifetime budget constraint (LB1).

S

[ 1 S o0 1
— = (1 — . LB1
Z<1+r> Crps = ( +r)at+s§)<1+r> Xtts (LB1)

s=0
e The left hand side represents the present discounted value of
consumption expenditures over the whole lifecycle of the agent.
e The right hand side consists of the present discounted value of
income over the whole lifecycle of the agent plus (1 + r)a;.
e We can interpret the right hand side of this equation as
household’s (lifetime) wealth.
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Problem 1 (Budget constraints)

From lifetime- to period budget constraint

e We rewrite the lifetime budget contraint (LB1) as

0o 1 s5+1
ar = Z <1 —|—1’> (Ct+s —Xt+s)-

s=0

e Now, we “extract” ¢; — x; from the infinite sum

1 © /1 \*H
t= 1+r(ct_xt)+sg<l—+r> (Cts — Xigs) -

e Rewriting this gives

1 (e} s+1
ar = ) Ct+l+s = Xt+1+s) -
1+r( 1+r§) 1+r (Ct1s = Xrt14s)
=at+1 o uN\vLéTREs’\VTi%RGV
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Problem 1 (Budget constraints)

Back to the period budget constraint

e Substituting a;1 gives

a (cr —x¢) + Apg1.

:1+r 1+7r

e Multiplying by 1 + r and rearranging yields the period budget
constraint
Cr + ar1 = (1 + T’)Qt -+ Xxp. (PB)
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Problem 1 (Budget constraints)

Non-constant interest rate

¢ Next, consider the more general case where the interest rates are
not time-constant.

e A time subscript t as to be assigned to the interest rate r such that
the period budget constraint becomes

e+ a1 = (L+r)a + x;. 4)

e With a non-constant interest rate mathematics become a bit more
tedious but the general procedure stays the same.
o We first rewrite the period beudget constraint as

ap = ——(Cr — Xt +ap41)-
1+ ( * )
e Forward it one period
1
A1 = 57— (Cr1 = Xpg1 + di42). S
1+7r4
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Problem 1 (Budget constraints)

Non-constant interest rate PB to LB

e Substitute a;

1 1
ay = Ct — Xt + ———(Ct41 — Xt41 4
A s [t t 1+Vt+1( 41— X1+ ar12)
S = 1 (et —x¢) + ! ! (Cty1 — Xp1 + ap42)
S T, O T M) e (G T Y dn2).

e Similar to the case before we could do this repeatedly until we get

3 1 Rt
; (H ) (Ctts — Xes) + S11_>m H 1T Ap 4541 -

1+ T’t+] °°j:O 1’t+]

N~

=0

e Again we assume that the no-ponzi game condition holds. ‘
IGlu
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Problem 1 (Budget constraints)

Non-constant interest rate PB to LB

e Finally we arrive at the lifetime budget constraint by multiplying
by 1 + r; and adding the discounted income stream on both sides

S 1 oo S 1
1+7)+ = TP :
( rt Z (H 1 T ]> Xt+s s;o (H 1 +7’t+j> Ct+s

j=0 j=0
¢ Of course the interpretation of this equation is the same as for

constant interest rate.

e However, it is a more general expression for the lifetime budget
constraint.

e Note also that assuming r; = r for all t > 0 in the above expression
we get back to the time-constant interest rate representation
above.
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Problem 2 (Consumption)
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Problem 2 (Consumption)

Maximization problem
¢ The representative household maximizes

(e ]

max E; ) pU(cris)

{erest o s=0

subject to

Cr + ari1 = (1 + V)Clt + Xt

with period utility function

[
U(Crys) = Cres — ECtZ-i-s‘

e The Lagrangian to this problem is

(PB)

L = Z {BU(cris) + Arps [(T+ 1) + Xeps — Crps — at-i—sé% .

s=0
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Problem 2 (Consumption)

FOCs
e The first order conditions to the problem are
oL !
o =Ei[ (1 - acs) = Ay =0 0
Ct+s
oL !
3 =E; [(1+7)Atgs41 — Arys] = 0. 1)
At+s+1

e Substituting the As in (II) by an expression obtained from (I) gives

E; [B (1 —acrys)] = (1+7)E; [.BSH (1- “Ct+s+1)]
< E; [(1—aciys)] = (14 7)BE; [(1 — acrist1)] -
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Problem 2 (Consumption)

Euler equation

e Writing the expression for period t yields the Euler equation

(1 — lXCt) = (1 + T)‘BlEt [(1 — D‘Ct-‘rl)] .

e When does expected consumption rise, i.e. when is the gross
growth rate Esc;1/c; > 17

e Note that (omitting the expectations operator for a moment)

thi =(1+g)>1ifg >0
t
Ct+1 — Ct Ctr1
—= —_ 1 = P
Ct Ct 8¢

where g is the growth rate and 1 + g is the gross growth rate of

consumption.
e g.is positive if ¢;y1 > cr. R CATENERC,
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Problem 2 (Consumption)
When does expected consumption rise?
e The Euler equation in rewritten form is

1-— KCi1 1

"1—ac,  (1+1)B

VIA
—_

The expected growth rate is positive if (14 1) > 1.

The expected growth rate is negative if (1+7)p < 1.

The expected growth rate is zero if (14 1) = 1.

Note that this result is valid for concave utility functions in
general.
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Problem 3 (Permanent income hypothesis)
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Problem 3 (Permanent income hypothesis)

Euler equation
e For simplicity we set (1 + r)B = 1, the Euler equation as of period
tis
¢t = Eicrqq.
e Iterating forward (and using the LIE) we have
ct = Ercrp1 = BBy pacpi0 = Ereppp = - - = B = -+ -

e As we have already found in problem 2, expected consumption is
constant over time.
e The lifetime budget constraint is

00 1 i © 9 i
E: ) <—> ci=(1+4ra+E ) <—) X;. (LB2)
S \1+7 N

e Substituting the Euler equation gives

[e9) 1 i (e8] 1 i
)y <1—+r> co=(1+r)ag+E ) (1 n r) Xi. .

i=0 i=0
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Problem 3 (Permanent income hypothesis)

Solving for ¢;

¢ Note that c; does not depend on i, thus we can pull it out of the
sum

i 5 1 i
Ctz<1+r> = (1+r)a0+1EtiZO<1—+r> i

1 © (L
eo— =1+ra+E ), <—) Xie
1-% b P X

1+7 IR
<:>Ct ; = (1+V)€lo+IEtZ <1—_H> Xi.
=0

7 1) 1 i
= E i
< =rag+ 11r t;<1+r) Xi

annuity value of lifetime income
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Problem 3 (Permanent income hypothesis)

Change in consumption

Note that /(1 + r) is the marginal propensity to consume.

It tells us by how much current consumption is increased when
lifetime wealth changes.

Compare it to ¢ in the traditional Keynesian consumption

function
C=cy+ Y.
e We derive the change in consumption simply be substracting c;_1
from ¢;
Acy = — lEi ! ix-—]E i ; ix-
t—1+r tizo 1—|—7’ i tflizo 1—|—7’ i -
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Problem 3 (Permanent income hypothesis)

Change in the information set

tz<1+ >ix" io<1+r>i ]

e Consumption changes (Ac; # 0) if an unexpected change in lifetime
income has ocurred.

e We have derived

Act:—
_|_

e This means if the lifetime income expected as of period ¢ is
different from the same lifetime income expected as of period
t — 1 the household changes consumption.

e Expected changes in income do not influence household’s
consumption decision.
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Problem 3 (Permanent income hypothesis)

Random walk income

e Assume income follows a random walk
Xt = Xp—1 + &

e Start with period 0
X1 = xg + €&1.

e Iterating forward and plugging one equation into the other yields
Xo = xo + €2 + €1.
e Doing this repeatedly gives

i
X;j = Xg + Zsj.
j=1
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Problem 3 (Permanent income hypothesis)

Expected change in lifetime in income

e Now, we compute expectations as of period t and t — 1

t
Ewx; = X0+ ) ¢
=1

and
t—1

E; 1x; = x¢ + Z €.
j=1

e Note that E;e; = ¢4, E;_1e; = 0.
¢ Plugging this result into the expression for Ac; gives

o0 < 1 >i ]
Z Et| .
-0 1+7’

Jonmnnes GUTENBER
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Problem 3 (Permanent income hypothesis)

The expression for Ac;

e Since & does not depend on i, we can write this as

r 1 r 1+4+r

A = —=
“ 1+r1—1+rr€t 1+7r r

&t = &t

e If income follows a random walk, a shock to income has a one to
one impact on consumption.

e Note however, that we assumed that income follows a random
walk, i.e. that shocks to income last forever and are thus very
persistent.
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Problem 4 (Optimal taxation)
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Problem 4 (Optimal taxation)

Distortionary taxes
e A taxis said to be distortionary if it changes the consumption
decision.

e This means that a tax is distortionary if the relationship of
consumption levels between two periods is affected by the tax.

e Thus, we analyze the Euler equation to decide if the tax is
distortionary.

e In principle we could tax many things such as assets, the interest
rate, or income.

e In this problem we consider a consumption tax ..
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Problem 4 (Optimal taxation)

The problem

e The consumer maximizes

00 C}_,’_U 1
S
lEtZ‘B 1—0

s=0

subject to
I+ ) +apr = (1+7)ar + xp. (TPB)

e The Lagrangian to this problem is
00 Cl c_1

L=FE S t+s

tg)ﬁ 1-0 i

A At (T4 7)apps + Xegs — (14 Te)Crps — Aps 1]
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Problem 4 (Optimal taxation)

FOCs
e The first order conditions are
oL _ !
3 = Ef° [CH-US —Apps(1T+ TC)] =0 @
Ctts
a‘c S s+1 j
3 = <—,3 Atps + B (1 + V)At+s+1) =0 1)
At4s+1

e Rewriting (I) gives

€
:[E A — :[E t+5 IE A IE t+5+l
t+s oo o A ts+1 = BT 7.

e Plugging this into (II) gives

—0

C
E Cri 1+ 7)BIE,; L .
t]."‘ C ( + )‘B t1+TC ,,,,,,,, GEG

R
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Problem 4 (Optimal taxation)

Euler equation

e 1+ 7. cancels on both sides.

We write the Euler equation for period ¢t (where s = 0)

¢, 7 = (1+471)BEic, .

The tax 7. does not appear.

The Euler equation does not change compared to a situation
without the consumption tax .

Thus, the consumption tax is not distortionary.
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