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Problem 1 (Budget constraints)

From period to lifetime budget constraint

• The period budget constraint is given by

ct + at+1 = (1 + r)at + xt . (PB)

• We rearrange this equation

at =
1

1 + r
(ct − xt + at+1) . (1)

• Forwarding this expression one period yields

at+1 =
1

1 + r
(ct+1 − xt+1 + at+2) .

• We now plug this equation into (1)

at =
1

1 + r

[

ct − xt +
1

1 + r
(ct+1 − xt+1 + at+2)

]

.
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Problem 1 (Budget constraints)

Iterated substitution

• Rewriting this gives

at =
1

1 + r
(ct − xt) +

(
1

1 + r

)2

(ct+1 − xt+1 + at+2) .

• We could then forward (1) one more period to substitute at+2.

• However, we can already see how the expression evolves when we
repeat this procedure an infinite number of times, the result is

at =
∞∑

s=0

(
1

1 + r

)s+1

(ct+s − xt+s) + lim
s→∞

(
1

1 + r

)s+1

at+s+1

︸ ︷︷ ︸

=0 (by assumption)

.
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Problem 1 (Budget constraints)

No-ponzi game condition

• The condition

lim
s→∞

(
1

1 + r

)s+1

at+s+1 = 0

is called no-ponzi game condition.

• Multiplying by 1 + r and rearranging yields the lifetime budget
constraint

∞∑

s=0

(
1

1 + r

)s

ct+s = (1 + r)at +
∞∑

s=0

(
1

1 + r

)s

xt+s . (LB1)

• From the lifetime budget constraint we can derive the period budget
constraint again.
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Problem 1 (Budget constraints)

From lifetime- to period budget constraint

• We rewrite the lifetime budget contraint (LB1) as

at =
∞∑

s=0

(
1

1 + r

)s+1

(ct+s − xt+s) .

• Now, we “extract” ct − xt from the infinite sum

at =
1

1 + r
(ct − xt) +

∞∑

s=1

(
1

1 + r

)s+1

(ct+s − xt+s) .

• Rewriting this gives

at =
1

1 + r
(ct − xt) +

1

1 + r

∞∑

s=0

(
1

1 + r

)s+1

(ct+1+s − xt+1+s)

︸ ︷︷ ︸

=at+1

.
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Problem 1 (Budget constraints)

Back to the period budget constraint

• Substituting at+1 gives

at =
1

1 + r
(ct − xt) +

1

1 + r
at+1.

• Multiplying by 1 + r and rearranging yields the period budget
constraint

ct + at+1 = (1 + r)at + xt . (PB)
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Problem 2 (Consumption)

Maximization problem

• The representative household maximizes

max
{ct+s }∞

s=0

Et

∞∑

s=0

βsU(ct+s )

subject to
ct + at+1 = (1 + r)at + xt . (PB)

with period utility function

U(ct+s ) = ct+s −
α

2
c2

t+s .

• The Lagrangian to this problem is

L = Et

∞∑

s=0

{βsU(ct+s ) + λt+s [(1 + r)at+s + xt+s − ct+s + at+s+1]} .
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Problem 2 (Consumption)

FOCs

• The first order conditions to the problem are

∂L

∂ct+s

= Et [β
s (1 − αct+s) − λt+s ]

!
= 0 (I)

∂L

∂at+s+1
= Et (λt+s − (1 + r)λt+s+1)

!
= 0. (II)

• Substituting the λs in (II) by an expression obtained from (I) gives

Et [β
s (1 − αct+s)] = (1 + r)Et

[

βs+1 (1 − αct+s+1)
]

⇔ Et [(1 − αct+s)] = (1 + r)βEt [(1 − αct+s+1)] .
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Problem 2 (Consumption)

Euler equation

• Writing the expression for period t yields the Euler equation

(1 − αct) = (1 + r)βEt [(1 − αct+1)] .

• When does expected consumption rise, i.e. when ist the gross growth
rate Etct+1/ct > 1?

• Note that (omitting the expectations operator for a moment)

ct+1

ct

= (1 + gc) > 1 if gc > 0

ct+1 − ct

ct

=
ct+1

ct

− 1 = gc ,

where gc is the growth rate and 1 + g is the gross growth rate of
consumption.

• gc is positive if ct+1 > ct .
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Problem 2 (Consumption)

When does expected consumption rise?

• The Euler equation in rewritten form is

Et

1 − αct+1

1 − αct

=
1

(1 + r)β
S 1.

• The expected growth rate is positive if (1 + r)β > 1.

• The expected growth rate is negative if (1 + r)β < 1.

• The expected growth rate is zero if (1 + r)β = 1.
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Problem 3 (Permanent income hypothesis)

Euler equation

• For simplicity we set (1+ r)β = 1, the Euler equation as of period t is

ct = Etct+1.

• Iterating forward we have

ct = Etct+1 = EtEt+1ct+2 = Etct+2 = · · · = Etci = · · · .

• As we have already found in problem 2, expected consumption is
constant over time.

• The lifetime budget constraint is

Et

∞∑

i=0

(
1

1 + r

)i

ci = (1 + r)a0 + Et

∞∑

i=0

(
1

1 + r

)i

xi . (LB2)

• Substituting the Euler equation gives

∞∑

i=0

(
1

1 + r

)i

ct = (1 + r)a0 + Et

∞∑

i=0

(
1

1 + r

)i

xi .
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Problem 3 (Permanent income hypothesis)

Solving for ct

• Note that ct does not depend on i , thus we can pull it out of the sum

ct

∞∑

i=0

(
1

1 + r

)i

= (1 + r)a0 + Et

∞∑

i=0

(
1

1 + r

)i

xi .

⇔ ct

1

1 − 1
1+r

= (1 + r)a0 + Et

∞∑

i=0

(
1

1 + r

)i

xi .

⇔ ct

1 + r

r
= (1 + r)a0 + Et

∞∑

i=0

(
1

1 + r

)i

xi .

⇔ ct = ra0 +
r

1 + r
Et

∞∑

i=0

(
1

1 + r

)i

xi

︸ ︷︷ ︸

annuity value of lifetime income
︸ ︷︷ ︸

lifetime wealth

.
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Problem 3 (Permanent income hypothesis)

Change in consumption

• Note that r/(1 + r) is the marginal propensity to consume.

• It tells us by how much current consumption is increased when
lifetime wealth changes.

• Compare it to c1 in the traditional Keynesian consumption function

C = c0 + c1Y .

• We derive the change in consumption simply be substracting ct−1

from ct

∆ct =
r

1 + r

[

Et

∞∑

i=0

(
1

1 + r

)i

xi − Et−1

∞∑

i=0

(
1

1 + r

)i

xi

]

.
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Problem 3 (Permanent income hypothesis)

Change in the information set

• We have derived

∆ct =
r

1 + r

[

Et

∞∑

i=0

(
1

1 + r

)i

xi − Et−1

∞∑

i=0

(
1

1 + r

)i

xi

]

.

• Consumption changes (∆ct 6= 0) if an unexpected change in lifetime
income has ocurred.

• This means if the lifetime income expected as of period t is different
from the same lifetime income expected as of period t − 1 the
household changes consumption.

• Expected changes in income do not influence household‘s
consumption decision.
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Problem 3 (Permanent income hypothesis)

Random walk income

• Consider income follows a random walk

xt = xt−1 + εt .

• Start with period 0
x1 = x0 + ε1.

• Iterating forward and plugging one equation into the other yields

x2 = x0 + ε2 + ε1.

• Doing this repeatedly gives

xi = x0 +
i∑

j=1

εj .
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Problem 3 (Permanent income hypothesis)

Expected change in lifetime in income

• Now, we compute expectations as of period t and t − 1

Etxi = x0 +
t∑

j=1

εj

and

Et−1xi = x0 +
t−1∑

j=1

εj .

• Note that Etεt = εt , Et−1εt = 0.

• Plugging this result into the expression for ∆ct gives

∆ct =
r

1 + r

[
∞∑

i=0

(
1

1 + r

)i

εt

]

.
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Problem 3 (Permanent income hypothesis)

The expression for ∆ct

• Since εt does not depend on i , we can write this as

∆ct =
r

1 + r

1

1 − 1
1+r

εt =
r

1 + r

1 + r

r
εt = εt .

• If income follows a random walk, a shock to income has a one to one
impact on consumption.

• Note however, that we assumed that income follows a random walk,
i.e. that shocks to income last forever and are thus very persistent.

Markus Roth (Macroeconomics 2) Problem set 3 June 7, 2010 21 / 27



Problem 4 (Optimal taxation)

Contents

1 Problem 1 (Budget constraints)

2 Problem 2 (Consumption)

3 Problem 3 (Permanent income hypothesis)

4 Problem 4 (Optimal taxation)

Markus Roth (Macroeconomics 2) Problem set 3 June 7, 2010 22 / 27



Problem 4 (Optimal taxation)

Distortionary taxes

• A tax is said to be distortionary if it changes the consumption
decision.

• This means that a tax is distortionary if the relationship of
consumption levels between two periods is affected by the tax.

• Thus, we analyze the Euler equation to decide if the tax is
distortionary.

• In principle we could tax many things such as assets, the interest rate,
or income.

• In this problem we consider a consumption tax τc .
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Problem 4 (Optimal taxation)

The problem

• The consumer maximizes

Et

∞∑

s=0

βs c1−σ

t+s − 1

1 − σ

subject to
(1 + τc)ct + at+1 = (1 + r)at + xt . (TPB)

• The Lagrangian to this problem is

L =Et

∞∑

s=0

βs

{

c1−σ

t+s − 1

1 − σ

+ λt+s [(1 + r)at+s + xt+s − (1 + τc)ct+s − at+s+1]

}
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Problem 4 (Optimal taxation)

FOCs

• The first order conditions are

∂L

∂ct+s

= Etβ
s

[

c−σ

t+s − λt+s(1 + τc)
]

!
= 0 (I)

∂L

∂at+s+1
= Et

(

−βsλt+s + βs+1(1 + r)λt+s+1

)
!
= 0 (II)

• Rewriting (I) gives

Etλt+s = Et

c−σ

t+s

1 + τc

⇔ Etλt+s+1 = Et

c−σ

t+s+1

1 + τc

• Plugging this into (II) gives

Et

c−σ

t+s

1 + τc

= (1 + r)βEt

c−σ

t+s+1

1 + τc

.
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Problem 4 (Optimal taxation)

Euler equation

• 1 + τc cancels on both sides.

• We write the Euler equation for period t

c−σ

t = (1 + r)βEtc
−σ

t+1.

• The tax τc does not appear.

• The Euler equation does not change compared to a situation without
the consumption tax τc .

• Thus, the consumption tax is not distortionary.
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