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Problem 1 (Budget constraints)

From period to lifetime budget constraint
e The period budget constraint is given by
Ct+at+1 = (l—l-r)at—i-xt. (PB)

e We rearrange this equation

1
14

at (Ci_L — Xt + at+1) v (1)

e Forwarding this expression one period yields

1
1+r

at+1 = (Ct+1 — Xet1 + at42) -

e We now plug this equation into (1)

1 i
=1 |G Xt g (G X+ an2) | e
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Problem 1 (Budget constraints)

lterated substitution
e Rewriting this gives

1 1 \?
ar = 117 (ct — x¢) + 1+r (Ct41 — Xeq1 + arg2) -

e We could then forward (1) one more period to substitute a; 7.

e However, we can already see how the expression evolves when we
repeat this procedure an infinite number of times, the result is

> 1

s+1 1 s+1
ar = 52:(:) (1 T r) (Ct+s - Xt+s) + Il>ngo <m) Atts+1 -

=0 (by assumption)
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Problem 1 (Budget constraints)

No-ponzi game condition

e The condition

1 s+1
s'l[go <1——|—r> atys+1 =0

is called no-ponzi game condition.

e Multiplying by 1 4+ r and rearranging yields the lifetime budget

constraint
> 1 \* 18
Sgo (1—_’_r> Ct4s = (1 + r)at + SZO <1 Y ) Xt+s- (LB].)

e From the lifetime budget constraint we can derive the period budget
constraint again.
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Problem 1 (Budget constraints)

From lifetime- to period budget constraint

o We rewrite the lifetime budget contraint (LB1) as

00 1 s+1
at:Z <1+r) (Ct+5—Xt+5).

s=0

e Now, we “extract” ¢; — x; from the infinite sum

1 s 1\t
1+r(ct_xt)+s_zl<1+r> (Cets = Xeys) -

dy =

e Rewriting this gives

1 1 = 1 s+1
at:1+f(Ct_Xt)+1+r;)<1—|—r> (Ct+1+5_xt+1+s).
-
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Problem 1 (Budget constraints)

Back to the period budget constraint

e Substituting as41 gives

a ! (c ) t1 = a
=— (¢ — x
t= g la—x 14 ot
e Multiplying by 1 4 r and rearranging yields the period budget
constraint
Ct+at+1 = (l—l-r)at—i-xt. (PB)
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Problem 2 (Consumption)

Maximization problem

e The representative household maximizes

max E; Z B2U(ctys)

{ct+s122, —0

subject to
Ct+at+1 = (l—l-r)at—i-xt. (PB)

with period utility function

a 5

Ulcers) = ceys — 5 Ctts:

e The Lagrangian to this problem is

L=E; Z {B°U(cts) + Aews [(1+ r)aces + Xeqs — Ceqs + aey <Ll } -

Jorwes GUTENBERG
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Problem 2 (Consumption)

FOCs

e The first order conditions to the problem are

oL
e = EelF (1 - acees) = Aes] =0 (1)
Ctts
oL
5 = Ee (Aets — (1+ NAessa) = 0. ()
At4s+1

e Substituting the As in (I1) by an expression obtained from (1) gives

Ee[8* (1~ acers)] = (1+ NE |57 (1~ aceesi)
& B¢ [(1 - aceys)] = (14 r)BE: [(1 — aceqsia)] -
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Problem 2 (Consumption)

Euler equation

e Writing the expression for period t yields the Euler equation

(1—act) =1+ r)PE: (1 — aces1)] -

e When does expected consumption rise, i.e. when ist the gross growth
rate E¢cry1/ce > 17

e Note that (omitting the expectations operator for a moment)

%:(1+gc)>1ifgc>0
t
Ct+1 — Ct Ct+1

= _1:gC
Ct Ct ’

where g, is the growth rate and 1 + g is the gross growth rate of

consumption.
e g. is positive if ct41 > c;. g CUTENGERS
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Problem 2 (Consumption)

When does expected consumption rise?

The Euler equation in rewritten form is

1 —aciq 1
Ef -
1—ac (1+r)s

VIIA
—_

The expected growth rate is positive if (1 + r)8 > 1.

The expected growth rate is negative if (14 r)8 < 1.
The expected growth rate is zero if (1+r)g = 1.
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Problem 3 (Permanent income hypothesis)
Euler equation
e For simplicity we set (1+ r)3 = 1, the Euler equation as of period t is

Ct = Etct+1 .

Iterating forward we have

¢t = Eicry1 = EiErpicrpo = Eicrio = =B = - -+ .

As we have already found in problem 2, expected consumption is
constant over time.
The lifetime budget constraint is

ES (%ﬂ)iq (144 ES (1ir>ix,-. (LB2)

i=0 i=0

Substituting the Euler equation gives

X 1 i 0 1 i Glu

i=0 i=0
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Problem 3 (Permanent income hypothesis)

Solving for ¢

e Note that ¢; does not depend on i, thus we can pull it out of the sum

[e.e]

[e%) 1 i 1 i
1 E i
Ct;(ur) =(F 0+ t,;(lw) o
1 i Tooaift
& 1 = (1+r)ao + E; ( >x,-.
1—m e 1+I’
1+r s 1\
& :(1+r)ao+EtZ< )x,-.
r = 1+r
1

annuity value of lifetime income

lifetime wealth
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Problem 3 (Permanent income hypothesis)

Change in consumption

Note that r/(1 + r) is the marginal propensity to consume.

It tells us by how much current consumption is increased when
lifetime wealth changes.

e Compare it to ¢1 in the traditional Keynesian consumption function

C=c+aV.
e We derive the change in consumption simply be substracting ¢;—1
from ¢;
r /1y > /1y
Ac = E i — Ky il -
Ct 1—|—r[t;<l—|—r> Xj t1§<1+r> X/]
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Problem 3 (Permanent income hypothesis)

Change in the information set

We have derived

r
Acy = ——
ct 1+r

Et <—> Xi _Et—l < ) X,"| "
pr AN per N

e Consumption changes (Ac; # 0) if an unexpected change in lifetime
income has ocurred.

e This means if the lifetime income expected as of period t is different
from the same lifetime income expected as of period t — 1 the
household changes consumption.

e Expected changes in income do not influence household's
consumption decision.
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Problem 3 (Permanent income hypothesis)

Random walk income

e Consider income follows a random walk
Xt = Xt—1 + Et.

e Start with period 0
X1 =Xp+e€1.

e lterating forward and plugging one equation into the other yields
Xp = Xp + &2+ €1,
e Doing this repeatedly gives

Jonmnes GUTENBERG
UNIVERSITAT Mz

i
Xi = X0 +Z€j.
j=1

Markus Roth (Macroeconomics 2) Problem set 3 June 7, 2010 19 /27



Problem 3 (Permanent income hypothesis)

Expected change in lifetime in income

e Now, we compute expectations as of period t and t — 1

t
E:xi = xp + ZEJ
Jj=1

and
t—1

Ei_1x; = xo + Z Ej.
Jj=1

e Note that E;e; = ¢4, E;_16+ = 0.

e Plugging this result into the expression for Ac; gives

i <1—1H>i5t] '

i=0

r
1+r

Act =
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Problem 3 (Permanent income hypothesis)

The expression for Ac;

e Since ¢; does not depend on j, we can write this as

r 1 r 14r
= Ey =
1+r1—%“t 1+r r

ACt Et = E¢.

e |f income follows a random walk, a shock to income has a one to one
impact on consumption.

e Note however, that we assumed that income follows a random walk,
i.e. that shocks to income last forever and are thus very persistent.
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Problem 4 (Optimal taxation)
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Problem 4 (Optimal taxation)

Distortionary taxes

A tax is said to be distortionary if it changes the consumption
decision.

e This means that a tax is distortionary if the relationship of
consumption levels between two periods is affected by the tax.

e Thus, we analyze the Euler equation to decide if the tax is
distortionary.

e In principle we could tax many things such as assets, the interest rate,
or income.

e In this problem we consider a consumption tax 7.
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Problem 4 (Optimal taxation)

The problem

e The consumer maximizes

EtZ,BSCt+S —1

l1—-0

subject to

(L+7e)ee + arrr = (L+r)ar + x.

e The Lagrangian to this problem is

L =F iﬁs Ctl—l—sa_]'
N ts:o 1—0

(TPB)

+ /\t+s [(1 + r)at—i-s + Xtqs — (1 + TC)Ct+S o aif—i—s-i—l]
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Problem 4 (Optimal taxation)
FOCs

e The first order conditions are

L _noas[.—o L
8Ct+s =E:3 [Ct-i-s - )‘t+s(1 + Tc)} =0
oL
EI E; <_/Bs/\t+s + ﬁs+1(1 + r))\t—i-s-l-l) <0
dtt+s+1

e Rewriting (1) gives

e c°
Edprs = Ep—t5 o E N — R, s+l
tN\t+s t 1 _|_ e t\t+s+1 t 1 _|_ e

e Plugging this into (1) gives

C—U C—O' 1
E,—ts — (1 E,_tfs+l
t1+7_C (1+r)B t1+Tc

(1
(11
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Problem 4 (Optimal taxation)

Euler equation

e 1+ 7. cancels on both sides.

We write the Euler equation for period t

¢; 7 =(1+r)BEic,. 5.

The tax 7. does not appear.

The Euler equation does not change compared to a situation without
the consumption tax 7¢.

Thus, the consumption tax is not distortionary.
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