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Solution to Problem Set 6

Problem 6.1.
(a) Consumer’s problem reads

max {Eo [Zﬁt(log(ct) +v(l - ht))} ‘Ct + ki1 < wihy + Riky for all ¢
{ct,he k11352, =0

Aee>0 A 0<h <1 A ko1 >0 A k0>0given}

Let (¢}, hy)e>0 denote the optimal consumption and labor. Consider the following perturbation
c=¢ —0 (1)
Chp1 = Ciyr + Riq1d (2)
and ¢, = ¢} for all other periods s. Thus, we have

o[ S B (og(cf) + v(1 — b)) = Bo[ 3 5 (log(cl) + v(1 — 4))

t=0 t=0
= Eo[ 3 Alon(ch)] > Eo[ 3 Atontc))]
t=0 t=0

= log(c}) + BEllog(ci,)] = log(c — 6) + BEq[log(ciy + Re1d)]

The right hand side is strictly concave and is maximized at § = 0. Thus,
0 = argmax{log(c; — ) + SE¢[log(ciyy + Rev10)]}

As ¢ can be either positive or negative, the following FOC is satisfied at § = 0

1 = BE; |:Rt+1 G ]

*
Cit1

The perturbation for labor is left as an exercise. After all, you obtain the following optimality
conditions

Ct
1 =0E; | Rto1—— 3
B t[ t+10t+1} (3)
Wt = ’Ul(l — ht)Ct (4)
¢t + ki1 = wihy + Riky (5)

where the last condition is nothing but the budget constraint.
(b) The firm’s decision problem reads

Ikni}lx{k'?(/ltht)lia — wihy — Rtkt|(kt7 ht) € Ri}



The first order conditions are

R = ak®  (Ahy)' ™ = aF (ke, Athy) /Ky (6)
wy = (1 — @)k A 7h; = (1 — ) F(ky, Aghe) /by (7)

(4) and (5) imply that wihy + Riky = F(ky, Athy). Therefore,
Ct = F(k)t, Atht) — kt+1 = (1 — St)F(]{)t, Atht).

(c) Using (4) to rewrite (1) we obtain

1= afE, E(Kip1, Apprhip1) ¢ }

Ci41 ki1

— ofE, [ F(kt+17 At+1ht+1> (1 - St)F(kta Atht)]
L(1 = si41) F(kig1, Avprhirr)  seF(ke, Aehy)
rl — 1

— afE, : St+1 7}
L — St St

Assume the saving rate is constant, then it follows that

1-s1
1= aﬁEt[l—sﬂ’
which results in s = af.
(d) Using (5) to rewrite (2) we have
V(1= hy)hy = L= (8)
=105

Define v'(1 — h)hy =: g(ht). Consider the first derivative of g
g/(ht) = ’Ul(]. — ht) — ht’UH(l — ht)
As v is strictly increasing and strictly concave, and hy > 0, it follows that ¢'(hy) > 0. Thus, g is

invertible and 1
hy = _1( —a ) =:h
t g 1— OZ/B )

which is constant.

(e)
kt+1 = SF(kt, Atht) = Oé/Bkta(Atht)lia = aﬁﬁliaA%_akta = /C(kt, At) (9)
The lower and upper bound capital of the stable set is determined by

e = a/@ﬁlfaélfaka _ BA(aﬁ)l/lfa

min

Fmax = QBRIOATT R

max

— BA(aﬂ)l/lfa

Consider the limit

hmlC’(k,A) — lim QQBEIfQAlfakafl =00 >1
ENO kN0

So, the stable set is i )
[Kmin, kmas] = [RA(aB)/ 17, hA(ap) /1]

Ct = (1 — S)F(kt, Atht) = (1 — Oéﬂ)kta(Atht)lia = (1 - Otﬁ)illiaA%_ak? = C(kt, At) (10)



The lower and upper bound consumption of the stable set is determined by
Cmin = C(kmin, A) =: (1 — aB)h' A" kiyy, = hA(L — ) (aB)*/
= DA(1 - aB)(aB)*/ =

Cmax = Ckmax, A) =: (1 — aB)R A" k2

max

Consider the limit

limC'(k,A) = lim (1 — aB)ah! @Ak =00 > 1
kN0 kN0

So, the stable set is
cminsmas] = [RA(L = a8) (@8)"/ 1=, BA(L ~ aB)(aB)1 ]

Problem 6.2.
(a) The Bellman equation is written as

V(k,A) = nax {log(c) +log(1 — h) + BE[V (k+, Ay)]|c + ky = k*(Ah)' ™

+.¢h
ANe>0 ANk >0AN0<h<1} (11)

where wh + Rk = k®(Ah)'~®, which is predetermined in the firm’s problem.
(b) Now we guess V(k, A) = B + Clog(k) + Dlog(A). The Bellman equation can be rewritten as

B + Clog(k) + Dlog(A) = raz%({log(ka(Ah)lfa — k4) +log(1 — h) + BE[(B + Clog(k4) + Dlog(A4)]}

FOCs:
1 _BC
ARk ky (12)
1 (1—a)k*h @Al
1—h k(AR &y (13)
Rearranging (10) and (11) yields
_ BCEk*(Ah)'~
(- +8C) 4
_1+(1—a)(1+ﬁ0)_h (o)
Plugging (12) and (13) into the Bellman equation gives
i (Ah)1=o
B + Clog(k) + Dlog(A) = a(1 + BC)log(k) + log(1 — h) + log<w>
BC(AR)I—®
—i—ﬁClog(W) + BB + BE[log(A4)] (16)
(14) implies that
a
C=a(l+8C)= [ af

The parameters B and D are solvable but are not of interest. So the policy function for capital is
given by
ki = aBfkY(AR)

Labor supply is constant and equals

B 11—«
2—a(B+1)
c) Notice that when v(1—h) = log(1—h), (6) implies that h = -—=2 - The saving rate we obtained
2—a(B+1)

here is also constant and equals af. In conclusion, the two methods yield the same solution.



