Advanced Macroeconomics Problem set 4
Winter 2010/11 Markus Roth

1. Utility maximization and budget constraints

Consider an objective function of the form
Vi=Y BU(cits). (1)
s=0
Derive the Euler equation for consumption for each of the following
ways of writing the budget constraint.
(a) The budget constraint is given by

a1 = (L+7r)(a + 2 — &), (2)

l.e. current assets and income that is not consumed is invested.

(b) The budget constraint is given by
Aa; + ¢ = xp + rag_q, (3)

where the dating convention is that a; denotes the end of period
stock of assets and ¢; and z; are consumption and income during
period t.

(c) The budget constraint is given by

0 1 s o 1 s
Wi=3 (7)) = 2 () et ae e @

s=0 s=0

where W; is household wealth.

2. Consumption smoothing

Households live for periods ¢ and ¢ 4+ 1. The discount factor for period
t+ 11is § = 1. They receive exogenous income z; and x;,1, where the
conditional distribution of income in period ¢+ 1 is N'(x, 0?), but they
have no assets.

(a) Find a level of ¢; that maximizes

Vi ="Uler) + EU(crr1) (5)
if the utility function is quadratic
1
Ule) = —503 +ac, (a>0). (6)

/8



Advanced Macroeconomics Problem set 4
Winter 2010/11 Markus Roth

(b)

Calculate the conditional variance of this level of ¢, and comment
on what this implies about consumption smoothing.

3. Linearization

Consider the general expression of a nonlinear difference equation

Te1 = f(21), (7)

where f(-) is potentially non-linear. Assume that the function has a
steady state denoted by x*.

(a)

(b)

Linearize the function around the steady-state value x.

Hint: The first-order approximation you are asked to derive is
given by the tangent of the function at the steady state.

[lustrate your approximation with a graph. Use for example

Ti41 = f(fft) = \/$_t (8)

When is your approximation good, when is it bad?

Now consider the same difference equation ([7]). Write the equation
in percent deviations from the steady state using

% =In (ﬁ) . (9)

T

What is the value of 27

Take the log-linear approximation of the general difference equa-
tion (). You can use the function you derived under question (a)
replacing z; by z;.

Now consider a Cobb-Douglas production function of the form
Y, = F(K, L) = KLy (10)

Log-linearize this equation. How would you call the coefficient on
k?
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