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Solution to Problem Set 6

Problem 6.1.
(a) Consumer’s problem reads

max {EO [Zﬁt(log(ct) ol - ht))} ‘ct + keyr < wihy + Riky for all ¢
t=0
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Optimality conditions:
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Wt = ’Ul(l — ht)Ct (2)
ct + ki1 = wihy + Riky (3)

(b) The firm’s decision problem reads

lgIE}LX{k?(Atht)l_a — wihy — Rtl{it|(k’t, ht) € Ri_}
tyt
The first order conditions are

Rt = Oék‘ta_l(Atht)l_a = OéF(k‘t, Atht)/k‘t (4)
wy = (1 — a)kF A" hy = (1 — ) F(ky, Aghy) /s (5)

(4) and (5) imply that wihy + Reky = F(ky, Athy). Therefore,
Ct = F(/{t, Atht) — k}t+1 = (1 — St)F(/{t, Atht).

(c) Using (4) to rewrite (1) we obtain
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Assume the saving rate is constant, then it follows that
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which results in s = af.
(d) Using (5) to rewrite (2) we have
V(1= by = ——2 (6)
=103



Define v'(1 — hy)hy =: g(ht). Consider the first derivative of g
g'(ht) = U,(l — ht) — htU”(l — ht)
As v is strictly increasing and strictly concave, and hy > 0, it follows that ¢'(h;) > 0. Thus, g is

invertible and 1
hy = _1( —a ) =:h
t g 1— OZ/B )

which is constant.

(e)
kip1 = sF(ke, Athy) = oSk (Ahy) ™% = ot Ak = Kk, Ar) (7)
The lower and upper bound capital of the stable set is determined by

min = aﬁﬁl_aél_ak%in _ Bé(aﬂ)l/l_a
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Consider the limit

hmlC’(k:,A) — lim QZﬁEI—aAI—aka—l =00 >1
kN0 ENO

So, the stable set is i 7
[kmim kmax] = [hA(aﬁ)Ul*O" hZ(a/B)l/lfa]

ct = (1 — 8)F(ky, Achy) = (1 — aB)k (Athe)' ™% = (1 — aB)h' A7k = C(ky, Ayr) (8)
The lower and upper bound consumption of the stable set is determined by

Cmin = C(kmin;A) = (1 - aﬁ)ﬁl_aél_akgﬁn = EA(l - aﬁ)(aﬁ)a/l_a
= hA(1 — af)(ap)*/1

Cmax — C(kma)n A) =: (1 — aﬁ)ﬁl—azl—aka
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Consider the limit
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So, the stable set is

[emin, Cmax] = [RA(L — aff)(aB)*/' = hA(1 — af)(aB)*/ =]

Problem 6.2.
(a) The Bellman equation is written as

V(k, A) = max {log(c) + log(1 — h) + BE[V (k,, A )]jc + ks = k*(AR)'—

k4,c,h
Ae>0Ak.>0A0<h<I1} (9)

where wh 4+ Rk = k%(Ah)'~%, which is predetermined in the firm’s problem.
(b) Now we guess V (k, A) = B + Clog(k) + Dlog(A). The Bellman equation can be rewritten as

B + Clog(k) + Dlog(A) = Iﬁ&}}f{log(ko‘(Ah)l_a — k+) +log(1l — h) + BE[(B + Clog(k+) + Dlog(A1)]}
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Rearranging (10) and (11) yields
_ BCkY(Ah)'—
YT TR s0 (12)
. (=a)@+8C) 4
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Plugging (12) and (13) into the Bellman equation gives
_ B (Aﬁ)l_a
B + Clog(k) + Dlog(A) = a(1 + SC)log(k) + log(1 — h) + 10g<m)
BC(AR) ™
+ﬁClog<W) + BB + BE[log(AL)] (14)
(14) implies that
a
C=a(l+p8C)= T

The parameters B and D are solvable but are not of interest. So the policy function for capital is
given by
ky = aBkY(Ah)

Labor supply is constant and equals

- 11—«
2—a(B+1)
(c) Notice that when v(1—h) = log(1—h), (6) implies that h = % The saving rate we obtained

here is also constant and equals a8. In conclusion, the two methods yield the same solution.



