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Solution to Problem Set 6

Problem 6.1.
(a) Consumer’s problem reads

max
{ct,ht,kt+1}∞t=0

{
E0

[ ∞∑
t=0

βt(log(ct) + υ(1− ht))
]∣∣∣ct + kt+1 ≤ wtht +Rtkt for all t

∧ ct ≥ 0 ∧ 0 ≤ ht ≤ 1 ∧ kt+1 ≥ 0 ∧ k0 > 0 given
}

Optimality conditions:

1 = βEt
[
Rt+1

ct
ct+1

]
(1)

wt = υ′(1− ht)ct (2)

ct + kt+1 = wtht +Rtkt (3)

(b) The firm’s decision problem reads

max
kt,ht

{
kαt (Atht)

1−α − wtht −Rtkt|(kt, ht) ∈ R2
+

}
The first order conditions are

Rt = αkα−1t (Atht)
1−α = αF (kt, Atht)/kt (4)

wt = (1− α)kαt A
1−α
t h−αt = (1− α)F (kt, Atht)/ht (5)

(4) and (5) imply that wtht +Rtkt = F (kt, Atht). Therefore,

ct = F (kt, Atht)− kt+1 = (1− st)F (kt, Atht).

(c) Using (4) to rewrite (1) we obtain

1 = αβEt
[F (kt+1, At+1ht+1)

ct+1

ct
kt+1

]
= αβEt

[ F (kt+1, At+1ht+1)

(1− st+1)F (kt+1, At+1ht+1)

(1− st)F (kt, Atht)

stF (kt, Atht)

]
= αβEt

[1− st+1

1− st
1

st

]
Assume the saving rate is constant, then it follows that

1 = αβEt
[1− s

1− s
1

s

]
,

which results in s = αβ.
(d) Using (5) to rewrite (2) we have

υ′(1− ht)ht =
1− α

1− αβ
(6)
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Define υ′(1− ht)ht =: g(ht). Consider the first derivative of g

g′(ht) = υ′(1− ht)− htυ′′(1− ht)

As υ is strictly increasing and strictly concave, and ht ≥ 0, it follows that g′(ht) > 0. Thus, g is
invertible and

ht = g−1
( 1− α

1− αβ

)
=: h̄,

which is constant.
(e)

kt+1 = sF (kt, Atht) = αβkαt (Atht)
1−α = αβh̄1−αA1−α

t kαt ≡ K(kt, At) (7)

The lower and upper bound capital of the stable set is determined by

kmin = αβh̄1−αA1−αkαmin = h̄A(αβ)1/1−α

kmax = αβh̄1−αA
1−α

kαmax = h̄A(αβ)1/1−α

Consider the limit
lim
k↘0
K′(k,A) = lim

k↘0
α2βh̄1−αA1−αkα−1 =∞ > 1

So, the stable set is
[kmin, kmax] = [h̄A(αβ)1/1−α, h̄A(αβ)1/1−α]

ct = (1− s)F (kt, Atht) = (1− αβ)kαt (Atht)
1−α = (1− αβ)h̄1−αA1−α

t kαt ≡ C(kt, At) (8)

The lower and upper bound consumption of the stable set is determined by

cmin = C(kmin, A) =: (1− αβ)h̄1−αA1−αkαmin = h̄A(1− αβ)(αβ)α/1−α

cmax = C(kmax, A) =: (1− αβ)h̄1−αA
1−α

kαmax = h̄A(1− αβ)(αβ)α/1−α

Consider the limit
lim
k↘0
C′(k,A) = lim

k↘0
(1− αβ)αh̄1−αA1−αkα−1 =∞ > 1

So, the stable set is

[cmin, cmax] = [h̄A(1− αβ)(αβ)α/1−α, h̄A(1− αβ)(αβ)α/1−α]

Problem 6.2.
(a) The Bellman equation is written as

V (k,A) = max
k+,c,h

{log(c) + log(1− h) + βE[V (k+, A+)]|c+ k+ = kα(Ah)1−α

∧ c ≥ 0 ∧ k+ ≥ 0 ∧ 0 ≤ h ≤ 1} (9)

where wh+Rk = kα(Ah)1−α, which is predetermined in the firm’s problem.
(b) Now we guess V (k,A) = B + Clog(k) +Dlog(A). The Bellman equation can be rewritten as

B + Clog(k) +Dlog(A) = max
k+,h
{log(kα(Ah)1−α − k+) + log(1− h) + βE[(B + Clog(k+) +Dlog(A+)]}
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FOCs:

1

kα(Ah)1−α − k+
=
βC

k+
(10)

1

1− h
=

(1− α)kαh−αA1−α

kα(Ah)1−α − k+
(11)

Rearranging (10) and (11) yields

k+ =
βCkα(Ah)1−α

1 + βC
(12)

h =
(1− α)(1 + βC)

1 + (1− α)(1 + βC)
≡ h̄ (13)

Plugging (12) and (13) into the Bellman equation gives

B + Clog(k) +Dlog(A) = α(1 + βC)log(k) + log(1− h̄) + log
((Ah̄)1−α

1 + βC

)
+βClog

(βC(Ah̄)1−α

1 + βC

)
+ βB + βE[log(A+)] (14)

(14) implies that

C = α(1 + βC) =
α

1− αβ
The parameters B and D are solvable but are not of interest. So the policy function for capital is
given by

k+ = αβkα(Ah)1−α

Labor supply is constant and equals

h̄ =
1− α

2− α(β + 1)

(c) Notice that when υ(1−h) = log(1−h), (6) implies that h̄ = 1−α
2−α(β+1) . The saving rate we obtained

here is also constant and equals αβ. In conclusion, the two methods yield the same solution.


