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Solution to Problem Set 2

Problem 2.1.

i = — i — (e > L : . _ . _
(i.a) p(k) = K(k) = {75(1 — ) Ak®, k > 0. ¢ is increasing and él{‘%go(k) 0, and kll}riloogp(k) +o0.

Thus, ¢ = K maps X = R, into itself.

_ _ 1/1—
(i.b) There are two fixed points k1 = 0 and kg = <%> ®. Consider the limit ’li{‘%# = o0.

This implies that (k) > k for k close to zero. Thus, k; is unstable. We have |¢’(k2)| < 1; thus, ks is
locally stable.

(i.c)

Figure 1: Dynamics of capital
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(ii.a) First notice that when 1 < B < 4, 21 = —<%) , and 9 = (%) solve ¢/(x) = 0. ¢ is

therefore increasing in [—1, 1), decreasing in (z1,x2), and increasing in (x2, 1].

3/2
. .. . _ . . . _ B-1 . _ B-1
Consider the limits wlinillgo(x) = -1, i;lriw(x) =1, Ilgglgp(x) = 2B<—3B ) , lim p(z) = 23(—33 )
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It is straightforward to verify that 2B (%) is increasing in B and less than one for 0 < B < 4,

3/2
and that —2B(%) is decreasing and greater than —1 for 0 < B < 4. When 0 < B < 1, p(z) is
increasing, and lim ¢(z) = —1 and limp(z) =1
r——1 z—1
(ii.b) There are 3 fixed points &} = —1, To = 0, and 3 = 1. Evaluating ¢'(z) at these fixed points to

conclude that z; and T3 are unstable; s is locally asymptotically stable if 0 < B < 2 and unstable if
2< B <4



Figure 2: B = %
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Figure 4: B =4
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Problem 2.2.

(i) Assume x is a unique steady state, then we must have
=A
Iy — A))_( =09
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If det[Is — A] # 0, then X = [I5 — A]7!05 is a unique fixed point.

< 1— (a11 + a22) + (a11a22 — az2a91) # 0
< tr(A) —det(4) #1

(ii)
det[(A — A\I,] =0

a1 — A a2

<~
a1 agy — A\

-0
=\ - (@11 + a2) A + (ar1a22 — ajpaz) =0
= A% —tr(A)\ + det(4) =0

= Ao = tr(2A) + \/(tr(f))Q — det(A)

Both Eigenvalues are real if and only if W > det(A). Otherwise, they are complex.

(iii.a) tr(A;) — det(A;) = 1/16 # 1, so ¢(x) has a unique fixed point Z = 0. As ¢ is linear, the
Jacobian is the same as A;. Eigenvalues of the Jacobian are A\j o = i%. So the fixed point is locally
asymptotically stable.
(iii.b) tr(As) — det(Az) = 3/8 # 1, so ¢(z) has a unique fixed point z = 0. As ¢ is linear, the
Jacobian is the same as A;. Eigenvalues of the Jacobian are A\ o = %:i:z%. So the fixed point is locally
asymptotically stable.



(ifi.c) tr(As) — det(As) = 13/4 # 1, so ¢(x) has a unique fixed point & = 0. As ¢ is linear, the
Jacobian is the same as As. Eigenvalues of the Jacobian are A\; = —1/2, and A2 = 5/2. So the fixed
point is unstable.

(iv) Let v = [u1  v2]" be the Eigenvector associated with the smaller Eigenvalue. v is determined by

[A3 — )\1[2]?) =0

3 1

2 1 v | _
-[5 1] ]
=v9 = —6v;

So the stable manifold is given as

M = {(z,y) € R*|y = —6z}.



